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U D

2

66664

0:5151 1:0883 1:3861 1:2653 0:7512

0:9435 1:3207 0:3001 ¡1:0944 ¡1:2705

1:2128 0:5144 ¡1:3212 ¡0:3187 1:3976

1:2778 ¡0:6965 ¡0:5861 1:3701 ¡1:0934
1:1275 ¡1:3596 1:1943 ¡0:8664 0:4517

3

77775

U T U D

2

66664

5:5305 0:0076 ¡0:0076 0:0066 ¡0:0045

0:0076 5:5266 0:0098 ¡0:0086 0:0059

¡0:0076 0:0098 5:5266 0:0088 ¡0:0063

0:0066 ¡0:0086 0:0088 5:5282 0:0061

¡0:0045 0:0059 ¡0:0063 0:0061 5:5314

3

77775

So the columns of U are not orthogonal.

Summary
The conjecture about orthogonal functions proposed in Ref. 1

has been shown to be implied by a classical theorem in the case
of orthogonal polynomials and to be not necessarily true for other
orthogonal functions.
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Reply by the Author
to S. D. Hendry

Larry Silverberg¤

North Carolina State University,
Raleigh, North Carolina 27695-7910

I N “ConjectureAbout OrthogonalFunctions,”1 I presenteda con-
jecture “...to provoke insight that could lead to a proof of the

conjecture at a later date.” That insight came from Stephen Hendry
in his comment about that paper. Hendry showed that the conjecture
follows froma theoremgivenin the1939 textbookentitledOrthogo-
nal Polynomialsby Szego.2 The theorem is called the Gauss–Jacobi
quadraturetheorem,althoughcontributionsto the theoremwere also
made by Christoffel, Mehler, and Heine.3¡8 The theorem is stated
as follows.

If x1 < x2 < ¢ ¢ ¢ < xn denote the zeros of the polynomial pn.x/,
there exist real numbers 31; 32; : : : ; 3n such that

Z b

a

½.x/w.x/ d.x/ D 31½.x1/ C 32½.x2/ C ¢ ¢ ¢ 3n½.xn/ (1)

The function½.x/ is a linear combinationof the orderedorthogonal
polynomials p0.x/, p1.x/; : : : ; p2n ¡ 1.x/, andw.x/ is theassociated
weighting function.2

The coef� cients 31; 32; : : : ; 3n , which are called Christoffel
numbers, are associated with a set of orthogonal polynomials and
the number n of orthogonal polynomials. This remarkable theo-
rem produces an exact quadrature of functions contained in a 2n-
dimensional space by summing n terms regardless of the functions
in that space!
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As Hendry stated, letting ½.x/ D pr .x/ps.x/ .r D s D 1; 2;
: : : ; n/ in Eq. (1) reduces Eq. (1) to a transformation between the
orthogonality condition for functions and the orthogonality condi-
tion for n-dimensionalvectors, which is precisely the conjecture in
Ref. 1. It was this conjecture that was used to develop a method of
controlling transient vibration in distributed systems.1

Hendry also pointed out for a particular orthogonal set of sinu-
soidal functions treated in Ref. 1 that the conjecturewas violated. It
should also be pointedout that, whereas the conjecturewas violated
for that set of orthogonal functions, the conjecture was still accu-
rate to three decimal places, indicating an additionalstrength of the
Gauss–Jacobi quadrature theorem—that as a practical matter it can
be applied to more than orthogonalpolynomials.

While on the topic of the Gauss–Jacobi quadrature theorem, it is
interesting to observe that letting ½.x/ D pr .x/w.x; t/ in Eq. (1)
reduces it to a quadratureof the r th modal coordinate, i.e., a modal
� lter.9 The quadratureis exact if w.x; t/ is containedin the .2n¡r/-
dimensional space generated by the orthogonal polynomials.

Finally, the proof of the Gauss–Jacobi quadrature theorem,
Eq. (1), is given in the Appendix for the reader’s bene� t.2

Appendix: Proof of Gauss–Jacobi Quadrature Theorem
Equation (1) is now derived. As preliminaries, we obtain the or-

thogonal polynomials p0.x/; p1.x/; : : : ; pn.x/ by orthogonalizing
1; x; x2; : : : ; xn . They are unique provided pr .x/ is a polynomial
of precise degree r in which the coef� cient of x r is positive and
provided that

Z b

a

pr .x/ps.x/w.x/ d.x/ D ±r s .r; s D 1; 2; : : : ; n/

We let w.x/ representa weighting function, assumed to be nonneg-
ative and measurable in the Lebesgue’s sense and such that

Z b

a

w.x/ d.x/ > 0

Depending on the limits of integration and on the weighting func-
tion, we obtain such classical orthogonal polynomials as Jacobi,
Laguerre, Hermite, ultraspherical, Tchebichef of the � rst and sec-
ond kinds, and Legendre.

A function in the linear space generated by the orthogonal poly-
nomials up to order n is said to be contained in ¼n . Notice that

Z b

a

pr .x/½.x/w.x/ dx D 0

if ½.x/ is in ¼r ¡ 1 , from which it follows that
Z b

a

pr .x/x sw.x/ dx D 0 .s D 1; 2; : : : ; r ¡ 1/

Next, notice that the orthogonalpolynomialssatisfy the Christoffel–
Darbouxrecursiveformula pr .x/D.Ar xCBr / pr¡1.x/¡Cr pr ¡ 2.x/
.r D 2; 3; : : : ; n/, in which Ar D kr =kr ¡ 1 > 0 and Cr Dar =ar ¡ 1 D
kr kr ¡ 2=k2

r ¡ 1 > 0 and where kr is the highest coef� cient of pr .x/.
To prove this, � rst determine Ar so that pr .x/ ¡ Ar xpr ¡ 1.x/ lies in
¼r ¡ 1 . Then look at

0 D
Z b

a

pr .x/pr ¡ 2.x/w.x/ d.x/

to obtain Cr . Next, consider the important identity of the form
p0.x/p0.y/ C p1.x/p1.y/ C ¢ ¢ ¢ C pn.x/pn.y/ D .kn=kn C 1/
[pn C 1.x/ pn.y/ ¡ px .x/pn C 1.y/]=.x ¡ y/, which follows from the
Christoffel–Darboux recursive formula. Also, when x D y, notice
that this important identity reduces to p2

0.x/ C p2
1.x/ C ¢ ¢ ¢ C p2

n.x/
D .kn=kn C 1/[p0

n C 1.x/pn.x/ ¡ p0
n.x/ pn C 1.x/].

Now we approximate any ½.x/ in ¼n ¡ 1 using the Lagrange in-
terpolation polynomial of degree n ¡ 1, written
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L.x/ D
nX

v D 1

½.xv/pn.x/

p0
n.xv/.x ¡ xv /

Notice that pn.x/=[p0
n.xv/.x ¡ xv/] D 1 as x approaches xv and

pn.xu/=[pn.xv/.xu ¡ xv/] D 0. It follows that L.xv/ D ½.xv/ .v D
1; 2; : : : ; n/.

The Gauss–Jacobi quadrature theorem is now proven by observ-
ing that the zeros of ½.x/ ¡ L.x/ are x1; x2; : : : ; xn , implying that
it is a product of pn.x/, that is, ½.x/ ¡ L.x/ D pn.x/r.x/ for some
r.x/ in ¼n ¡ 1 . Then

Z b

a

½.x/w.x/ dx D
Z b

a

L.x/w.x/ dx D
nX

v D 1

3v½.xv /

in which

3v D
Z b

a

pn.x/

p0
n.xv/.x ¡ xv/

w.x/ dx .v D 1; 2; : : : ; n/

References
1Silverberg, L., “Conjecture About Orthogonal Functions,” Journal of

Guidance, Control, and Dynamics, Vol. 20, No. 1, 1997, pp. 198–202.
2Szego, G., Orthogonal Polynomials, Vol. 23, American Mathematical

Society, Colloquium Publications, Providence, RI, 1939.
3Gauss, C. F., Methodus nova Integralium Valores per Approximationem

Inveniendi, Werke, Vol. 3, 1825, pp. 163–196.
4Jacobi, C. G. J., “Ueber Gauss’ neue Methode die Werthe der Integrale

Naherungweise zu Finden,” Journal fur die Reine und Andewandte Mathe-
matik, Vol. 1, 1826, pp. 301–308.

5Christoffel, E. B., “Ueber die Gaussische Quadratur und eine Verallge-
meinerung derselben,” Journal fur die Reine und Andewandte Mathematik,
Vol. 55, 1858, pp. 61–82.

6Mehler, F. G., “Bemerkungen zur Theorie der Mechanischen Quadra-
turen,” Journal fur die Reine und Andewandte Mathematik, Vol. 63, 1864,
pp. 152–157.

7Heine, E., Handbuch der Kugelfunctionen, Vol. 1, 2nd ed., Berlin, 1878.
8Heine, E., Handbuch der Kugelfunctionen, Vol. 2, 2nd ed., Berlin, 1881.
9Meirovitch, L., and Baruh, H., “On the Implementation of Modal Filters

for Control of Structures,” Journal of Guidance, Control, and Dynamics,
Vol. 5, No. 1, 1982, pp. 707–716.


